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Is it possible, in principle, to measure the sign of the Lapse? We show that fermion dynamics
distinguishes spacetimes having the same metric but different tetrads, for instance a Lapse with
opposite sign. This sign might be a physical quantity not captured by the metric. We discuss its
possible role in quantum gravity.
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I. NEGATIVE LAPSE
Einstein discovered that the gravitational field can
be described by a (pseudo-)Riemannian metric gµν(x).
But the Dirac equation, which governs the dynamics of
fermions, cannot be coupled to this tensor. The solution
is to replace gµν(x) by the tetrad field e
I
µ(x).
1 Using
this field, the Dirac equation can be written in a gen-
eral covariant form that describes the motion of fermions
in a gravitational field. Since fermions exist, it makes
sense to assume that gravity is better described by the
tetrad than by the metric. Can this have direct observ-
able consequences? It is usually assumed that the answer
is negative and that two fields eIµ(x) and e˜
I
µ(x) defining
the same metric are empirically indistinguishable. Here
we suggest that this might not be the case.
Consider a gravitational field given by:
ei = dxi, e0 = N(t)dt. (1)
where i = 1, 2, 3 and the Lapse function N(t) is a smooth
function which remains near unity everywhere but for a
small region, where it takes negative value. As an exam-
ple, consider for concreteness (see Fig. 1)
N(t) =
t2 − τ2
t2 + τ2
. (2)
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FIG. 1. A Lapse function, becoming negative during a finite
interval.
1 The tetrad is related to the metric by gµν(x) = ηIJe
I
µ(x)e
J
ν (x).
ηIJ is the Minkowski metric. Latin indices are 4d, raised and
lowered with ηIJ . Greek indices are tangent spacetime indices.
We use also the differential-form notation eI = eIµdx
µ.
The corresponding metric is ds2 = −N2(t)dt2 + d~x2. Of
course −g00 = N2 is positive; see Fig. 2.
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FIG. 2. −g00(t) corresponding to the Lapse of Fig. 1.
This metric is easily seen to be the Minkowski metric
in coordinates related to Minkowski coordinates (TM , ~x)
by |N(t)|dt = dTM .2 Therefore the gravitational field
defined by (1) seems physically equivalent to Minkowski
space. Is it really?
II. MEASURING THE SIGN OF THE LAPSE
Consider a massive fermion in a gravitational field
eI(x). Its dynamics is governed by the Dirac equation
γIeµI
[
∂µ +
i
2
ωKLµ JKL
]
ψ +mψ = 0, (3)
where γI are Dirac matrices, ωIJµ is the torsionless,
metric-compatible (Levi-Civita) spin connection deter-
mined by the tetrad, and JIJ =− i4 [γI , γJ ] are the gener-
ators of the Lorentz group in the fermion representation.
Let the gravitational field be given by (1). Its spin con-
nection vanishes. Assume for simplicity that the Dirac
field is constant in space and choose a basis where γ0 is
diagonal.3 Then a solution of (3) is
ψ(t) = eim f(t)ψ0, (4)
2 This coordinate transformation is C∞, but its inverse is not dif-
ferentiable in two points. This is not worse than many far more
singular coordinate choices routinely used in general relativity.
3 This is the Dirac representation: γ0 =
−i I 0
0 i I
 and γi =
 0 −iσi
iσi 0
, where σi are the Pauli matrices.
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2where the time-dependent phase is given by
f(t) =
∫
N(t) dt =: Tf (t) (5)
and (ψ0)
A = T(1, 0, 0, 0). We have introduced the nota-
tion Tf for later convenience. Let’s now have two such
Dirac fermions ψ1 and ψ2, with different masses m1 and
m2 = m1 + ∆m, and a device measuring the quantity
(ψ1ψ2). Then, on the solution above we have
(ψ1ψ2)(t) = exp[i ∆m f(t)]. (6)
That is, the quantity f(t) is observable in principle. But
f(t) depends on the sign of the Lapse. It takes different
values on gravitational fields defining the same Riemani-
ann geometry. In other words, a fermion does not evolve
in the gravitational field (1) in the same manner in which
it evolves, say, on the tetrad
e˜0 = |N(t)|dx0, e˜i = dxi, (7)
in spite of the fact that the two tetrads define the same
metric. In the presence of fermions, the sign of the Lapse
is in principle observable.
III. FERMION TIME
Let us return for simplicity to the gravitational field
(1). A standard clock such as an harmonic oscillator, a
pendulum, an atomic clock or an orbiting planet, mea-
sures Minkowski time, which is related to the coordinate
time t by
TM (t) =
∫ √
−gµν dx
µ
ds
dxν
ds
ds =
∫
|N(t)|dt, (8)
plotted in the left Panel of Fig. 3.
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FIG. 3. Minkowski time (left) and fermion time (right), as a
function of the coordinate time t, for the Lapse (2).
As long as N is positive, the phase Tf of the fermion
defined in (5) is a good clock as well. Call “fermion time”
this quantity (hence the notation). Tf is plotted in the
right Panel of Fig. 3 as a function of the coordinate t.
When N is negative, the fermion clock runs backward
with respect to the Minkowski time, as shown in Fig. 4.
Fermion time is observable, in spite of the fact that the
metric field does not know about it.
A few comments are in order:
-Τ Τ
TM
T f
FIG. 4. Fermion time as a function of Minkoswki time.
i. Fig. 4 shows the non-differentiable relation between
the times TF and TM . Notice that both times are
C∞ functions of t. The gravitational field (1) is
smooth, and can be defined on a C∞ manifold.
Minkowski time is a C∞ function on this manifold,
but, since the inverse of TM (t) is non-differentiable
in t = ±τ , the smooth structure defined by the
Minkowski metric is not the same as the original
one. If one insists in viewing the Riemannian struc-
ture as fundamental, then the physical situation de-
scribed implies a point of non-differentiability. But
with respect to the original smooth structure, ev-
erything is C∞ in the examples given.
ii. Two tetrads e and e˜ related by a local Lorentz
transformation define the same metric and are
gauge-equivalent. Aren’t then the field (1), and the
Minkowski tetrad (7), which define the same met-
ric, gauge-equivalent in this sense? The answer is
no, because a (proper orthochronus) Lorentz trans-
formation does not change the direction of time.
Accordingly, the quantity detected by the fermion
clock and not coded into the metric, is Lorentz-
invariant. In fact, there are two signs which are
not modified by a Lorentz transformation: the di-
rection of time and the parity of space. These are
modified, respectively, by Time reversal T and Par-
ity P . Therefore there are two signs that are invari-
ant, corresponding to the four connected compo-
nents of the full Lorentz group. These are captured
for instance by the sign of the Lapse n = sign(N)
and the sign of the determinant of the tetrad,
s = sign(det e) =: n r. It is not difficult to see
that fermion dynamics is affected by both. In this
paper, for simplicity, we focus on the sign of the
Lapse, and assume r = +1, mentioning the r = −1
only briefly. In this case, the sign s of det e reflects
the sign of the Lapse.
IV. POCKETS
The negative-Lapse region of the gravitational field (1)
is extended all over spacetime. We learn more about the
physics of these regions by considering a region which is
confined in space. As and example, consider the gravita-
tional field
e0 = df(t, ~x), ei = dxi (9)
3where f(t, ~x) is a smooth function whose t derivative is
negative in some bounded region. An example is
f(t, ~x) = t− 2ατ e− ~x
2
σ (arctan(t/τ) + pi/2) . (10)
plotted in Fig. 5.
FIG. 5. f(x, t) (with τ=σ=α=1). Its t-derivative is negative
in a finite region.
The field (9-10) reduces to (1-2) for α=1 and large σ.
The determinant of the tetrad vanishes on the shell
(t/τ)2 = 2α e−
~x2
σ − 1. (11)
and the Lapse is negative inside this shell. Call “region
I” the region inside the shell. There are two other rel-
evant regions: the two regions that surround the region
I, characterized by the fact that the function f takes the
same values as in region I. Call these region A and region
B, respectively. For instance, Fig. 6 illustrates the three
regions for ~x = 0
A BI
t
FIG. 6. The three regions A, I and B where f takes the same
value (~x = 0).
The spin-connection of the field (9) vanishes, therefore
its spacetime has vanishing curvature: It follows that lo-
cally this spacetime is Minkowski space. But in this case
spacetime is not globally Minkowski. In fact, the map
from this spacetime and Minkowski space in Minkowski
coordinates (TM , ~x) is given by
TM = f(x, t) (12)
But f(x, t) is not injective. The three regions A, B and I
are mapped onto the same region R of Minkowski space
by (12). The geometry defined by the gravitational field
(9) is that of a trouser’s pocket: outside these three
regions, spacetime is globally isomorphic to Minkowski
space; each of the three regions is itself flat as well, but
they are joined in such a way that R is replaced by three
regions with the same geometry as R: region A is glued
to the past, region B is glued to the future, and region I
is glued to region A and region B, as in Fig. 7.
FIG. 7. A spacetime pocket (tetrad field (10)), artificially
immersed in an extra dimension for clarity, from two different
perspectives. The Lapse is always pointing upward in this
representation.
Now, the Dirac equation can be easily solved wit this
gravitational field. A solution with four-momentum pI is
ψ(~x, t) = eipI
∫ (~x,t)
Q e
I
ψo (13)
where the integral is a line integral from an arbitrary
fixed spacetime point Q to the point (~x, t). The result
does not depend on the path, because of the vanishing of
deI . For the field (9), this gives
ψ(~x, t) = eip0f(~x,t)+ipix
i
ψo (14)
We see immediately that the fermion dynamics outside
the three regions is unaffected, since this is the stan-
dard solution in Minkowski coordinates: a solution on
Minkowski space remains a solution on this field. Futher-
more, the solution inside the region A is equal to the
solution inside the region B and is the time reversed of
the solution inside the negative-Lapse region I. In other
words, the fermion crosses the pocket as if only region A
existed. A pendulum at the origin, instead, would mea-
sure the time that takes into account the duration of all
the three regions.
Notice that causal behavior of the propagation is non-
trivial: a fermion wave packet entering the region A trav-
els ahead in time in region A, then backward in time
with respect to the sign of the Lapse in region I, and
then again forward in time in region B and since. This
propagation is always consistent with the global causal
structure defined by the metric.
However, in the analogous situation where r is nega-
tive the propagation of a wave packet violates the global
causal structure defined by the metric. For instance, the
field e0 = dt, e1,2 = dx1,2, e3 = df(z, t), where f is non
4injective, determines an r = −1 pocket where a wave
packet can follow the path represented in Fig. 8. In re-
gion I propagation is inconsistent with the causal struc-
ture defined by the metric. A fermion wave packet en-
tering the region A from the left of the picture would
immediately give rise to two other fermion-wave-packets
appearing inside the pocket: one traveling up the region
I and annihilating with the initial wave packet; the other
traveling upward the region B and emerging in the fu-
ture.
FIG. 8. An r = −1 pocket and the a-causal propagation of a
wave packet.
An objection to taking regions as the ones described as
physically realistic comes from determinism. If the initial
data are flat and the future is determined by the past,
what could cause the development of a negative Lapse
region?
There are two possible answers. First, the flat case
we have described is only a simple example. One might
imagine that in a generic curved spacetime with matter
the determinant of the metric can evolve towards zero,
and the smooth continuation of the tetrad field evolu-
tion generate negative-det e regions. More interestingly,
pockets can appear in of-shell quantum fluctuations of
the gravitational field, namely in the context of quantum
gravity. In the next section, we turn to such a context.
In conclusion, if gravity is described by the tetrad,
there might be spacetime regions where the determinant
of e is negative and a fermion clock runs backward with
respect to a pendulum clock governed by the metric.
Do such regions exist in nature, or should we assume
that all gravitational fields in nature satisfy N > 0 and
det e > 0? Since the difference is measurable, the ques-
tion is well posed.
V. QUANTUM GRAVITY AND
ANTI-SPACETIMES
The question closing the previous Section becomes par-
ticularly significative in quantum gravity, when the dy-
namics is defined a` la Feynman by summing over field
configurations. Should the sum be taken over all tetrad
fields, or only over those with det e > 0?
If the gravitational action is taken to be the Einstein-
Hilbert action SEH which depends on the metric, the
issue is not much relevant, since tetrads with different
signs of det e give the same action. But the natural geo-
metric action for the tetrad is not SEH , but rather
Stetrad =
1
4
∫
tr[e ∧ e ∧ F ∗], (15)
where F is the curvature of the spin connection and the
star indicates the Hodge dual in Minkowski space. This
action differs from SEH by a sign when det e < 0. This
can be easily seen writing the two in tensor notation as
functions of e:
SEH =
1
2
∫
d4x |det e| R[e], (16)
Stetrad =
1
2
∫
d4x (det e) R[e], (17)
where R is the Ricci scalar. Stetrad defines a quantum
theory where negative det e regions contribute to the am-
plitude with a negative sign. Loosely speaking, the met-
ric is the square of the tetrad, and a sign is lost in the
metric formulation.
The effect of this sign appears in covariant Loop Quan-
tum Gravity (see [1] and references therein). The contri-
bution of a single simplex to the dynamics is given in the
semiclassical limit by a vertex amplitude satisfying [2, 3]
A → e i~S + e− i~S , (18)
where S is a discretization of SEH (with or without cos-
mological constant) associated to the simplex. The two
terms in (18) are determined by the two possible signs
that det e can take on the simplex [2, 3].4 The same
happens in the 3d Ponzano-Regge model [8, 9].
If in nature it is always true that det e > 0, then the
second terms in (18) should perhaps be seen as spurious.
Attempts to get rid of it have appeared in the litera-
ture [10–13]. But if such regions can exist, then it is
reasonable to assume that they affect the gravitational
path integral, and the existence of the two terms in (18)
simply reflects their existence. In other words, spacetime
might fluctuate over negative det e regions. The fact that
these regions are physically distinguishable, as shown in
this paper, renders this scenario more plausible.
As noticed in [13], there is an analogy between negative
det e regions and antiparticles. In both cases, the action
contributes to the Feynman sum with a reversed sign.
Both can be seen, in a sense, as configurations running
backward in time. For antiparticles, this is the intuition
4 Such terms play a role in quantum gravity amplitudes [4, 5]
and may be sources of infrared divergences [6, 7]. They are the
sources of the characteristic “spikes” of quantum Regge calculus.
5that grounds the Stu¨ckelberg-Feynman positron theory
[14, 15], where antiparticles are interpreted as particles
running backward in time. The analogy is reinforced by
the results of the previous sections, where we have shown
that a fermion crossing a negative det e region is affected
as if time was running backward therein.
These observations justify the evocative name “anti-
spacetimes” suggested in [13] for such regions. Feynman
has given in [16] a general physical argument indicating
that antiparticles should exist as a general consequence
of quantum theory and special relativity: positive-energy
propagation necessarily spills outside the light cone; but
spacelike propagation can be interpreted as backward in
time in a different Lorentz frame. Can an analogous ar-
gument be formulated in quantum gravity?
VI. SUMMARY AND OPEN QUESTIONS
The existence of fermions indicates that the complete
characterization of gravity requires a tetrad field eIµ(x).
The natural geometric action for this field differs from
the Einstein-Hilbert action by a sign factor, determined
by the determinant det e. Regions of negative det e,
or “anti-spacetimes”, might therefore contribute to the
quantum gravity path integral. This is what happens in
the Ponzano-Regge model and in loop gravity, where the
two signs of det e are at the source of the two terms in
the asymptotic expansion (18) of the vertex amplitude.
Here we have shown that if such anti-spacetime regions
exist, they are in principle detectable. Over an “anti-
spacetime” region, the fermion’s phase runs backward
with respect to a standard clock. Tetrads corresponding
to the same metric can be physically inequivalent.
The are several possibilities: (i) Anti-spacetimes do not
exist, det e > 0 should constrain the gravity path inte-
gral, the difference between SEH and Stetrad is irrelevant.
(ii) Anti-spacetimes exist, but they contribute trivially to
quantum gravity because the relevant action is SEH . (iii)
The relevant action is Stetrad, anti-spacetimes exist and
contribute nontrivially to quantum gravity. We are in-
clined to think that the detectability of anti-spacetime,
via fermion interference, enhances the credibility of the
last scenario.5
Do anti-spacetimes exist in Nature? Do they con-
tribute to a Feynman formulation of quantum gravity
in the same manner as antiparticles contribute to the to-
tal propagation of particles? These questions are well
defined experimentally (“Are there regions where the
phase of a fermion runs backward with respect to the
Minkowski time?”) and theoretically (“Which of the two
actions (17) and (16) defines quantum gravity”?).
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